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Tensoran Physicds atensorcomponenpackagegublishedoy the
ScandinaviatJniversity Presslt comeswith abookcontaininga brief
coursein differentialgeometrya user’'sguideandreferencenanualfor
the Mathematica packageCARTAN. CARTAN is aneasy-to—-use
programfor tensorcomponentalculationsA largenumberof tensor
expressionsommonlyusedin gravitationtheoryandtheoreticaphysics
arepredefinedTheuser—friendlyhigh—levelcommand®f CARTAN
makesit anidealtool for interactivetensorcalculations

In thedemonstratiort is shownhow CARTAN canbeusedto verify the
Schwarzschilagolutionof Einstein’sfield equationsilescribinghe
gravitationalfield outsidea static,sphericasymmetricmassdistribution.
Thisis alsothe solutiondescribinga staticblack hole.

Thenl solveEinstein’sfield equationgor ahomogeneoussotropicand
spatiallyflat matter—-dominatetUniverse It is shownthatthe
Kretschmanrcurvaturenvariantdivergesat the origin of time. Thisis the
Big Bang. Finally we checkthatthe Kerr metricreally solvesEinstein’s
gravitationalfield equationsn vacuum.This solutiondescribes rotating
black hole.lIt took almostfifty yearsfrom thefield equationsvere
publisheduntil this solutionwaspublished Onecanonly guesshow fast
the solutionhadbeenfound hadEinsteinhadacces$o Mathematica.



| Background

The metric tensor and the vielbein
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| Loading and initialization

In[A]:= | << CARTAN.M
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Defining short hand notation

in[2l:= | Vx_:= CDerivative[Xx];
Div[x_] := CDivergencex, 1];
Curl[x_] := Expand[ Dual[tTimes[2, Vx], {1, 2}]];




| Warming up with vector analysis

Choosing a coordinate system

In[3]:= | NewSession[" polar.lib" ]

In[4]:= | SMetric
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Qoo

Gradient of a scalar field

In[5]:= | GradF = VF[r, ¢, 6]
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inj6]:= | GradFInCoordinateBasis= ToCoordinateBasiqGradF]

ouel= | {{FEO0 v o o],
FOL0 (r, ¢, o], FOODL v, ¢, o]},
{1}}

Laplacian of scalar field

in[7]:= | LaplaceF = Expand[Div[GradF]]
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Out[7]=
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Double covariant derivative of scalar field

In[8]:= | DDF = VGradF

out[8]= {{{F<2'0’0) (r, ¢, 61,
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In[9]:= | Curl[GradF]

Out[91:| ({0, 0, 0}, {1}}

Divergence and curl of vector field

In[10]:= ‘ Vector = {{V'[r, ¢, 6], V?Ir, &, 61, VO[r, ¢, 61}, {—1}}

om[m]:‘ (M [r, ¢, 6], V2[r, ¢, 6], V°I[r, ¢, 6]},
{-1}}

In[11]:= | DivVector = Expand[Div[Vector]]
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In[12]:= | DerivativeOfVector = VVector

oupizl= | {{{ (V') ®%D[r, ¢, 6], —%<V¢[r, ¢, O] -
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In[13]:= | CurlVector = Curl[Vector]

Out[13]=
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In[14]:= | DivCurlVector = Div[CurlVector]

Out[14]= | 0
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Veryfying Schwarzschild’s solution of
Einstein’s field equations

Let usfirst studySchwarzschilgolutionof Einstein’sfield equations.
Thisis the geometryof a staticblackhole. The programcomeswith a
library of geometriesandfor simplicity we loadthe coordinatesystem
andtetradcomponent$rom afile:



Loading the tetrad frame

In[15]:= | NewSession[" Schwar zslib" ]

Computing the Riemann tensor

The systemcannow readilycomputeandshowthenon-zero
component®f the Riemanntensor.Theresultsareshownin theuser-
definedrigid frame.

In[1]:= | SRiemann

Rizi2 = - rMQ,
Riz1z = - rM3
Rig14 = - %
R2323 = %
Rosoa = M3

R3434 = 3



Internally,thetensoris representedsatwo—componenlkist:

In[2]:= | Riemann

oufzl= | {{{{{0, O, 0, 0}, {0, O, O, 0},
{0, 0, 0, 0}, {0, O, 0, 0}3,
M

M
{{o, - M, 0, 0}, {4, 0, 0, 0)
{0, 0, 0, 0}, {0, 0, 0, 0}},

[{0, 0, - . 0}, (0, 0, 0, 0},
[, 0.0, 0}, (0,0, 0, 01},

9 r3 )
M M
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(10, 0, 0, 03, {0, 0, 2}, 0}
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{{O, 0, 0, 0}, {0, 0, 3 O},




{O, ~3 0, O}, {0, 0, O, O}},
{{o, 0, 0, 0}, {0, 0, 0O, 0O},
{0, 0, 0, O}, {0, O, O, O}3,
{{o0, 0, 0, 0}, {0, 0, 0, 0}
M M
{o, 0, 0, r—3} {o, o, “Ta 0}}}
2
{{{0, 0, 0 r—3}’ {0, 0, 0, 0}
2
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M M
{o, 0, 0, _r—3}’ {o, o, T3 0}}
{{o, 0o, 0, 0}, {0, 0, 0, 0O},
{0, 0, 0, 0}, {0, 0, 0, 0}}}},
{1, 1, 1, 13}

Thefirst partis alist of tensorcomponentsandthe secondparttells if
theindicesarecovariant(markedby 1) or contravarian{markedby —1):

In[3]:= | Riemann|[[2]]

om[s]:| (1, 1, 1, 1}

In[4]:= | Raise[Riemann, {1}1[[2]]

om[4]:| (-1, 1, 1, 1}



Computing the Ricci and Einstein tensors

Whenwe askfor the Ricci tensorwe aretold thatthe geometryis Ricci
flat:

In[5]:= | SRicci

This geometry is Ricci flat

In[6]:= | SEinstein

This is an Einstein space .

Curvature invariants

Computinginvariantsis very easy:

In[7]:= | SKretschmann

-- 48 M
R”kl Rijk| = [6



Taking the divergence of a rank—four tensor

Computingthe covariantderivativeor the divergenceof a higher-rank
tensoris usuallyavery time—consumingndboringtaskto do by hand.
With CARTAN andMathematicat is simple:

in[gl:= | CDivergencelRiemann, 1]

outlsl=1 {{{{0, O, O, 0}, {0, O, O, O},
{0, 0, 0, 0}, (O, O, O, O}}, {{O, O, O, O}
{0, 0, 0, 0}, {O, O, O, O}, {O, O, O, O}},
{{0, 0, 0, 0}, {0, O, O, O},
{0, 0, 0, 0}, {(O, O, O, O}}, {{O, O, O, O},
{0, 0, 0, 0}, {0, O, O, O}, {O, O, O, O}1}3,
{1, 1, 1}}

| Exercise in relativistic cosmology

Loading the geometry
In[g]:= | NewSession[" FLRW.lib" ]
For simplicity, we assumeéhatthe Universeis spatiallyflat. Then

In[1]:= | k=0;



Checking the contracted Bianchi identity
(conservation of energy)

Accordingto Einstein’sfield equationsthe Einsteintensors
proportionalto theenergy—momenturtensor.Sincethe Einsteintensor
is devergencéree:

|n[2]::| Div[Einstein]
Out[2]:| ({0, 0, 0, 0}, {1}}

the Energy—momenturtensomustalsobe covariantlyconserved.

Finding Einstein’s equations

In[3]:= | SEinstein

R[t]2+2R[t] R [t]

Gi1 = - RTT2
G, - R E +R2[tR][;] R [t ]
Gaz - Rt 12 +R2[tR}[; 1 R [t]



Thefourth componentcorrespondso thetime-timecomponenbf the
energy—momenturtensor,.e.,the massdensity. Assumingthat
ordinarygalaxiesdominatethe massof the Universe thetotal mass
scaleas1/R”3,or

Infd]:= | Equation = Einstein[[1]][[4, 4]] == 8Pi GK /R[t]* 3

2 8 GK it

Out[4]= ; S= R[t ]3

R [t
R[t ]

Solving with DSolve

In[5]:= | solution = DSolve[Equation, R[t], t]

outsl= | {{R[t] » - (-6)13 (GKnt? -
2GKnt C[1] +GKxC[1]%)" (1/3)},
(R[t] > 63 (GKnt? -
2GKnt C[1] +GKnC[1]%)” (1/3)},
(R[t] > (_1>2/3 61/3
(GKnt? -2GKnt C[1] + GKxC[1]%)~
(1/3)}}

In[6]:= | solution = Simplify[solution[[2]] /. t —=> t + C[1]]

Out[6]:‘ {R[t +C[1]] > (6m)1/3 (GKt2)1/3}



ldentifying the Big Bang singularity

in[71:= | solution = {R[t] => t* (2/3)};
Plot[solution[[1]][[2]], {t, O, 1}];
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We subsitutehe solutionbackinto the Riemanntensorandcomputethe
Kretschmannnvariant.

infgl:= | Riemann = Riemann /. DifferentialRulegsolution];
SKretschmann

80

K o _ 80
RE R = 5714

Clearly,thereis a curvaturesingularityatt=0:



inf9]:= | Plot[Kretschmann, {t, 0.1, 1}];
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| Veryfying Kerr's solution

Loading the geometry

In[10]:= | NewSession[" Kerr.lib" ]



Inspecting properties of the spacetime
geometry

In[1]:= | SRiemann

4Mr (3a2-2r2+3a2Cos[26])

R =
1212 (a2 +2r2 +a2 Cos[206])3
Ri234
__4aMCose] (a® -6r? +a® Cos[26])
= (a2 +2r2 +a2Cos[20])3
R ~ 4Mr (3a*-2r2+3a*Cos[20])
1313 = (a2 +2r2 +a2 Cos[20])3
Riz24 =

4aMCos[e] (a2 -6r1r2 +a2Cos[20])
(a2 +2r2+a2Cos[26])°

8Mr (3a2-2r2+3a2Cos[20])

R =

1414 (a2 +2r2 +a2Cos[206])3

2323 = (a2 +2r2 +a2Cos[20])3

R 4AMr (3a2-2r2+3a2Cos[26])
2424 = -

(a2 +2r2+a2Cos[20])3



~4Mr (3a?-2r2+3a%Cos[20])
(a2 +2r2+a2Cos[20])3

R3g34 =

In[2]:= | SKretschmann

RM Ry = - (192 M (a®2-2r2+a?Cos[26])
(3a* -56a%r?2+8r%+4a*Cos[26] -
56 a®r? Cos[26] +a* Cos[40])) /
(@2 +2r2+a2Cos[20])°

Ve(if%{in(? that Einstein’s vacuum equation Is
satisfie

In[3]:= | SRicci

This geometry is Ricci flat



| Implementational issues

Controlling swelling

A mainproblemwhencomputingcurvaturetensorssymbolically,is the
BWBliIRGIof the expressionsWhenmanipulatingtensorsby
differentiationandcontractiontheintermediateexpressionsgypically
becomeverylargeandcomplicatedUsually,onecanreducethe
complexitysignificantly by a carefulchoiceof simplificationfunctsions
for the intermediataesultsIn CARTAN theswellingeffecthasbeen
keptundercontrolby automaticallyinvoking Factor or Expand.

Installation and file handling

CARTAN is alargepackageavith morethana hundrediles andalarge
numberof sub—packagethatareloadedautomaticallywhenneeded.

To installthe packageit is necessaryhattheinstallationprogramis
ableto reconstruct certainfile structure Unfortunately

Thereforejt hasbeennecessaryo write someplatiorm
dependentodein theinstallationsection.

inf4]:= | FileNamed[" ", {" ~/cartan" }]
FileNameg[" *.m", {" ~/cartan/program" }]

out[4]= | {~/cartan /allfiles . uu, ~/cartan /CARTANmM
~/cartan /documnts , ~/cartan /extensns
~/cartan /initcart . m ~/cartan /library
~/cartan /program , ~/cartan /READ ME
~/cartan /startup }




Out[5]=
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/inputcar
/inputffi
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/sgausbon . m
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~/cartan /program /sumetric . m
~/cartan /program /sweylc . m
~/cartan /program /sweylinc
~/cartan /program /sweylinv
~/cartan /program /sweyl . m
~/cartan /program /transcri
~/cartan /program /transinp
~/cartan /program /wannasee .
~/cartan /program /wrkngdir
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| How to get CARTAN? Surf the net

http://store.wolfram.com/view/cartan/
http://www.scup.no/books/en/cartan/



