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Abstract

Two new differentstochastianodelsfor earthquak occurrencearediscussedBoth modelsarefocusing
on the spatio-temporainteractionsbetweenearthquaks. The parametersf the modelsare estimatedrom
a Bayesianupdatingof priors, using empirical datato derive posteriordistributions. The first modelis a
marked point processnodelin which eachearthquak is representedby its magnitudeand coordinatesn
spaceandtime. Thismodelincorporatesheoccurrencef aftershockaswell asthebuild-up andsubsequent
releaseof strain. The secondnodelis a hierarchicaBayesiarspace-timenodelin whichthe earthquaksare

representetly potentialsonagrid. Thefinal ambitionof themodelsis to make predictionsontheoccurrence

of earthquaks.

1 INTRODUCTION

Earthqual forecastingn the strict sensewith the exact predictionof the time, the location,andthe
magnitudeof an earthquak hasbeena difficult areaof researcHor severaldecadesOneoutcomeof
this researchhowever, is thatwe todayknow muchmoreaboutwhy earthquak predictionis difficult
(e.g.,Kagan, 1997). This difficulty is in parttied to conceptssuchasself-similarity criticality and
nucleatiorprocessesAll earthquaksstartsmall,andwhile we know muchaboutthelimits to growth,

we do notknow in sufiicient detailswhenandwhy a rupturestopsbeforethat.



In this paperwe outline two new differentstochastianodelsfor earthquak occurrencewhich both
arefocusingon the spatio-temporainteractionsbetweenearthquaks. We believe that by including
theincreasedknowledgeof earthquak processes more adwancedstochastianodelsthe prediction
capabilitiesfor earthquakscanbeimproved. Both modelsarebaseduponBayesianapproachesvith

userspecifiedorior distributionsfor all parametersyhile empiricaldataareusedfor derving posterior

distributions.

The first modelis a marked point processmodel (e.g., Cressie,1993) in which eachearthquak is
representedby its magnitudeand coordinatesn spaceandtime. The marked point processmodel
hasthe adwvantagethatit representgachearthquak separatelyThis givesa fine resolutionmakingit
feasibleto include known physical quantitiesconnectedo eachsingle earthquak. At this point the

modelincludesthe effectsof aftershocksaswell asthe build-up andsubsequenteleaseof strain.

Thesecondnodelis ahierarchicaBayesiarspace-timenodel(seéWestandHarrison,1997),in which
theearthquaksarerepresentedly potentialsn a grid. Thehierarchicaimodelrepresentarealeffects

efficiently sincethe primaryvariablesarerelatedto propertiesof regionsor grid blocks.

In both modelsthereare mary possibleparametrizations.The principlesbehindthe estimationand
algorithmsare independenbf a particular parametrization. Another freedomof the modelsis the
choiceof prior distributions. If thechoiceof priorsturnsoutto becontroversialit is alwayspossibleto
chooseflat priors. This, however, giveslessinformationandsubsequentlynay leadto lessprecision
in the predictions. The modelsare quite preliminaryin thatthey solely are basedupondatafrom an
earthquak catalogandassuchdo not incorporateary known geoplysical or geologicalinformation

from the earthquak region.

It is a primary aim to develop the marked point processmodel further by including more detailed
geologicalinformation such as faults and weaknesszones,rupture characteristicand stressdrops
connectedo the larger earthquaksin a catalog,tectonicprocesses the region, etc. This model
is a very flexible oneandis well suitedfor the incorporationof suchinformationand otherkinds of
changesWe believe thatwith suchimprovementshe markedpointprocessnodelwill beawell suited

tool for abetterunderstandin@f occurrenceharacteristicef earthquaksin variousregions.



2 MARKED POINT PROCESS MODEL

Marked point processesre commonly usedstochasticmodelsfor representinga finite numberof
eventslocatedin spaceandtime. Earthquak occurrencecanvery well be fitted into a marked point
procesamodel. Eachearthquak has,in additionto a locationin spaceandtime, parametersepre-
sentingthe magnitudeandquite oftenalsoinformationaboutthe earthquak faultlines. Pointprocess
modelsfor earthquakshave previously beendiscussedy Vere-Jone$1995)andOgata(1998). The
modelpresentedhn this papertreatsaftershocksn a similar fashionto thework by Ogata.In addition,
the modeltakesinto accountthe effect of strainbuild-up. The ultimategoalis to includeasmuchas

possibleof known physicalprocessesto the model.

21 THE MODEL

In our notationan earthquak is representedby £ = (z, M) andt, wherez = (z!, 2% 23) is the
hypocentercoordinategz! = longitude,z? = latitude,z® = depth), M is the momentmagnitude and
t isthetime. An earthquak catalogHr = {(E;, t;) },«r = {(zs, M;, t;) }1,<r consistof all obsered

earthquaksabove a certainmagnituden aspecifiedregion, andin a giventime period(7p, T').

Thetwo majorassumptionsnadein the proposednodelare:

e Theintensity \;(E, t|H;, 8) of earthquaksis a function of the parametersE,t) = (z, M, ),
all previous earthquaks H; in theregion, andsomeparameterg to be determinedy Bayesian
updating. If additionaldataor physicalinformationis available,this shouldbe includedin this

intensity

e Thetime averagedintensity A\(F) = A(z)A(M|z) asa function of magnitudeand locationis

known.

Thetime independenintensity A(z) representshe averagenumberof earthquaksper unit time and

unit volume. We have hereestimated\(z) from a catalog. It may, however, be possibleto estimate



A(z) from geologicaldataof earthquaks,or acombinatiorof suchdataanda catalog.Thisis believed
to give a morestableestimatesincea catalogmay have completenesproblems.In particulay it may
not cover sufliciently mary large earthquaksin eachregion to give the stability thatis desired.This
aside,|it is anaturalchoiceto let A(M |z) bedeterminedy thewell-knowvn Gutenbeg-Richterlaw for
the distribution of magnitudesuchthat\(M|z) oc 10~*M, wherethe valueof the scalingparameteb

usuallyis in theinterval (0.7, 1.2) (e.g.,Vere-Jones]995).

We will assumehattheintensity \; is givenby
/\I(Eat|Ht75) - )‘Z(Elﬁ)s(xatlHtaﬁ) + >\3(Eat|Ht75)7 (1)

where )\, is the backgroundintensity s representshe effect of strain build-up, and A3 represents
theincreasdn theintensity after an earthquak usedfor modelingthe aftershocks.The background
intensity A\o( E|5) dependsmplicitly onthe parameter® throughtherequirementhat\, (E, t|H, 5)
averagedover time equalsA(E). If the strain build-up is omitted, s = 1, while if the aftershock
treatments omitted, \3; = 0. In the casethatboths = 1 and)\; = 0 the modelis just reducedo a

simplePoissormodel.

The intensity A3 is usedto modelthe aftershocks.It canbe usedalsoto modelforeshocksbut we
have not pursuedthis ideain the currentpaper Let M; be the magnitudeof a shockin the catalog
at the time ¢;, and M the magnitudeof a subsequenshock. AftershocksM arethen modeledby

As(E,t|Hy, B) > 0 for earthquaksM < M; for ¢t > t;. Wewill assumehat\; hastheform

)‘3(E7t|Htvﬁ) = Z g(EataEiatiaﬁ)a (2)
(Ei,t,')EHt
where
g(E7 ta Elatlaﬁ) = 6191(M7 Mi7ﬁ2) g?(tati7537ﬁ4) g3(x7mi765)' (3)

The functionsgy, g», and g3 representnagnitudial,temporal,and spatialeffects, respectrely. Note
that the summationimplies that if thereis a large earthquak followed by a seriesof smaller
earthquaks all of these earthquaks contribtute to the intensity A typical form of ¢, is
a1(M, M;, 35) = exp(B2M;) 10 °M  in accordancewith the Gutenbeg-Richterlaw. This givesthe

samemagnitudedistribution asthe time averagedintensity For the temporaleffect we assumehat



ga(t, i, B3, B1) = 1/(t — t; + B4)P. The spatialeffect canbe representedy a function basedon the

distancebetweerthe hypocentersi.e, gs(x, z;, 85) = exp(—Ps||z — z;|[?).

It seemdo begenerallyacceptedhatthereis moreregularity in theoccurrencef earthquaksthancan
be accountedor in a Poissormodel(Working Groupon California EarthquaksProbabilities,1995).
The assumptionis thatin any particularregion strainis slowly building up andthenreleaseddueto
earthquaks. This effect canbeincorporatednto apoint processnodel. Wefirst definea statevariable
S thatcanbe connectedo strain,or to stresdor thatmatter Theinterpretatiorof S may be different
thanthe standarddefinition of strain(or stress)but its generalnaturewill be suchthatit reflectsthe
spatio-temporateleaseof strain/stresenegy. For simplicity we referto S asstrainin thefollowing.
We defineS by

S(x, t|Hy, B) = So(x, To) + ¢(x, B) (t = To) — > h(z, E;, B), (4)
with o
8(2.6) = [ e, B HNEIE ©)
and
h(z, E', B) = exp(B;M") exp(—fs||z — '||). (6)

Here ¢ representshe averagestrainbuild-up perunit time andh the releaseof strainfor eachearth-
guale. We have madethe assumptiorthat the meanstrain releaseequalsthe meanstrain build-up.
Thestrainreleaseh is factorednto two termsrelatedto the magnitudeof the earthquak anda spatial
effect, respectiely. Thus, S representshe strainat ary point (z,¢) in spaceandtime, givenall the
previous earthquakscontainedn the catalogH;. It is assumedhat.S builds up linearly andthende-
creasesnstantaneouslyith eachearthquak. The strainhasa variability thatis independenof time,

ands is anincreasingunctionof S givenby
s(z,t|Hy, B) = exp(56S). (7)
It isimplicitly giventhroughthis parametrizatiothatthetime-azeragedntensityof earthquaksequals

A(E). Theeffectof s is to reducethe variability in the time periodsbetweervery large earthquaks
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comparedo the simple Poissonmodel. The variability in time periodsbetweenlarge earthquaks
becomesmallerandsmallerwith increasinglylarge valuesof gg and3;. The parameteps specifies

thesurroundingegion of anearthquak in which strainis released.

2.2 POSTERIOR DISTRIBUTIONSFOR THE PARAMETERS

Fromthereal catalogHr of the period (75, T') it is possibleto find the posteriordistributions of the
parameterg. Theseposteriordistributionsrepresenthe bestguessefor theparameterandshouldbe
usedin all predictions.The posteriordistributionsfor the parameters, giventhe datain the catalog

Hyp, aredefinedby the equation

f(BlHr) o< f(B)f(Hr|B)- (8)

Thelikelihood f(Hr|3) canbecalculatedrom

T n
F(H:|B) = exp (— /T / AI(E,tlHt,ﬁ)dEdt)HA1<E,-,t,-|Hti,ﬁ)
0 =1

Q

c(B) [ M(E: til H, B), 9)

=1

wherethefactorexp (— ff,; i Al(E,t|Ht,ﬁ)dEdt) is approximatedy a constant(3). Thisfactoris
dueto periods(t;_1, t;) without earthquaks,while thefactor[ [}, \i(E;, t;|Hy,, §) representshein-
tensitiedor theactualearthquaks. The posteriordistributionsfor the parameterarefoundby Markov
chainMonte Carlo simulationfrom (8). In Markov chainMonte Carlo simulationonedefinesa chain
of parametesetsthat after a sufficient numberof iterationssatisfiesthe specifieddistributions. The

maximumlik elihoodestimatedor theparameteraretheparameterghatmaximizesheexpression9).

2.3 SIMULATIONSAND PREDICTIONS

Simulationfrom the modelis fairly straightforvard. The simulatedearthquaksaregeneratedneata
time in chronologicalorder andtheintensityfor eachnew earthquak is givenby (1). An exampleof

asimulatinis givenin thenext section.



Predictionscanbe doneby first samplingn valuesof the parametesets from the distributions (8)
using the mostrecentearthquak catalog H; for the region. Theseparameteisetscanbe found by
Markov chainMonte Carlo simulation. For eachof thesesetsof parameter$ new earthquaksare
simulatedbasedupontheintensity\, (E, t|Hy, 3), whereH, is continuoslyupdatedduringsimulation.
Probabilisticpredictionsarethenobtainedsimply by countingthe numberof earthquaksin thediffer-
entsimulations.For short-termpredictionsandwhentheintensityis low it is alsopossibleto usethe

intensitiesdirectly.

24 RESULTS

As a first stepwe have implementedan algorithm for estimatingthe maximumlikelihoodsof the
parameterg. Theempiricaldatawe have usedarebasedon anearthquak catalogover thetime span
1932-1999compiledby the SouthernCaliforniaEarthquak Centey SCEC(2000),andlimited to the
region 31°-36°N, 115°-120°W. We have alsolimited thedatato includeonly theepicenteicoordinates
z! = longitudeandz? = latitude,thusneglectingthe hypocentercoordinater? = depth.In Fig. 1 (left)
is shawvn the locationof all quakesof magnitudesM > 4.0 for this region andthe giventime span.
We have includedall earthquaks of magnitudeM > 3.0 in our dataset, which comprises15804
earthquaksover the time-spanof 24837days,giving an averageintensity of 0.636earthquaks per
day A simpletime-magnitudelotin Fig. 1 (right) shavsthatthecompletenesseemdo bereasonable
backto 1942.The5 x 5 degreeareais dividedinto 1600grid cells,with eachcell correspondingo a
sizeof about14 x 12 km. Theintensity \(E)) for eachgrid cell is calculatedrom the empiricaldata.

An averageb-valueof 0.93for the Gutenbeg-Richterrelationis estimatedrom the data.

Using the 58-yearperiod 1942—-990f the catalog,the estimationof the maximumlik elihoodsyields
B = 0.4792,6, = 1.189,83 = 1.229,84; = 0.01867, and 35 = 1938 whenthe strain build-up is
omittedandhences = 1. In the calculationwe have assumedhatthe contributionsto A\s(E, t|H;, 5)

for eachquale go no morethan 10 yearsbackin time. Hence,the 10-yearperiod 1932—410f the
empiricaldatais usedindirectly in the calculationgiving contritutionsto A3 for qualkesin the period
1942-51 A detailedanalysisof the parametergndicateshat60.3%of the qualesin the period1942—

99 are due to aftershockactwvity while the remaining39.7% of the quales are due to background
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Figure 1: The location of earthquakswith M > 4.0 plotted togetherwith the major faults (left), and the
magnitudevs. time for earthquakswith M > 3.0 (right) in SouthernCaliforniain the period1932— 1999.

actvity. An interpretationof the parametes, is thatthe increasedntensitydueto an earthquak of
magnitudeM = 5.6 is twice thatof a M = 5.0 earthquak. Thevaluesof 53 andj, indicatethatthe
increaseof intensityis halved 20 minutesafteranearthquak. Finally, thevalueof 35 indicateshatthe
increasedntensityis halvedatadistanceof 1.9km from the epicenteof theearthquak. Includingthe
build-up of strainthe calculationof the maximumlik elihoodsyields 5; = 0.4801, 82 = 1.190, 83 =
1.229, 6, = 0.01867, 85 = 1952, 5 = 0.0004884, 5; = 0, ands = 0. Turningon the strainbuild-
up henceyields minor correctionsto gy, 52, 33, B4, and 35, while 8; and g both vanish. The direct
interpretatiorof 8; = 0 is thatthe build-up andreleaseof strain(notethatthis is not strainenegy) is
independenodf the magnitude®f theindividual earthquaks,andthatit is the numberof earthquaks
(thecumulatie effect) thatmatterdn this context. Indirectly, however, alargeearthquak hasagreater

iImpactthana smallonebecausét triggersalargernumberof aftershocks.

Finding the parameterds = 0 meansthat eachearthquak in the cataloghasa global effect on the
build-up andreleaseof strain. This is difficult to interpretphysically but a plausibleexplanationof the

resultis thatwe sofar in the modelhave usedepicentraldistancesnsteadof the smallestdistanceto



the causatre fault (theruptureplane). Anothersignificantsourceof errormay berelatedto our crude
assumptiorthat.S = S, atthe beginningandthe endof the catalog.This assumptiorwasmadefrom
simplicity andfrom the lack of knowledgeaboutthe actualstateof strainin the variousregionsand
differentpoints of time. It is alsoclearthat the earthquak catalogwe have usedin estimatingthe
parametersf the modelcoversatoo shorttime span(1932- 1999)to carry sufiicientinformationon
the build-up andreleaseof strain. Hopefully, in a refinedmodelwheretheseissuesaretaken better
careof, the problemwith the vanishingof gs will beresolhed. Thevanishingof 3; suggestshatthis
parameterasgiven by the expression(6), is superfluousn the model. A betterrepresentationf the
strain releasemight thereforebe given by h(z, E', ) = exp(—S3:||z — 2'||?/10"), in accordance
with the empiricalfactthatthe spatialextensionL of anearthquak usuallybehaeslike L ~ 10M/2
(implying self-similarity), exceptfor larger earthquakswhere L ~ 10%M/ (e.g., Stockand Smith,
2000).In thisexpressiorfor h(z, E', 3) theold §s hasbeenreplacedy anew j, i.e., adwantageously

thereis onelessparametem the modelto be estimated.
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Figure 2: Earthquaksof M > 3.0 in the period 1990— 1999in SouthernCalifornia (left), and simulated
earthquaksover the samel0-yearmperiodusingthe marked point processnodel(right). The simulationis based

ondatafrom thetime period1932— 1999.
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Figure3: Magnitudevs. time of actualearthquaksin the period1990— 1999 (left), andsimulatedearthquaks

overthesamelO-yearperiod(right) in SouthernCalifornia.

At thenext stepwe have implementedanalgorithmfor simulatingearthquaksin theregion of interest,
giventhe estimatedraluesof the 5’s. An exampleof a simulationover the 10-yearperiod1990-99n

thecaseof s = 1 isshavnto therightin Figs.2 and3. This particularsimulationthusdoesnottake the
build-up andreleaseof straininto accountbut is aresultof the backgroundactivity dueto the1932—99
catalogandaftershoclkactvity dueto the 1980—89data. The simulationresultedin 2315earthquaks
over 3652days,correspondingo 0.634earthquaksperday Of the 2315earthquaks,14190f them,
or 61.3%,were afterqualks. For a comparisorwith obsered data,the correspondinglatafrom the
period1990-9%reshawvn to theleft in Figs.2 and3. Exceptfor the factthatthe period1990-99is a
periodof higherthanaverageintensity we seefrom Fig. 2 thatthe simulationproducesarthquaks
with a similar spatialdistribution asthe obsered data. In additionit canbe seenthatthe simulated
catalogreflectsfeaturesn the 1932—99datathatarenot presenin the 1990-99data. The simulation
resultsalsodisplayaftershockactvity indicatedby eventsequencefollowing the larger earthquaks

asshavnin Fig. 3 (right), althoughthis effect is not aspronouncedsfor the obsereddatain Fig. 3

(left).

Simulationswherethe build-up andreleaseof strainaretaken into accountproduceresultsthat are
similar to thosedisplayedn Figs.2 and3. Thisis notsosurprisingsincewe do not expectto seeary
realperiodicitypatternontheoccurrencef large earthquaksoverthetime-sparof only 10years.The
returnperiodfor the largestearthquaksin this region is muchlongerthanthis. In Fig. 4, however,

we have shavn thetypical behaior of the strainfunction s(z, t| H;, 5) duringagivensimulation.The
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Figure4: Thestrainfunction s(z, t|Hy, §) for atypical simulationtakinginto accounthe build-up andrelease
of strain.s(x, t|H, 8) increasesvhentheactuity is below theaveragebackgroundntensityanddropssuddenly
dueto the aftershockactiity following a large earthquak. The abruptincreaseof s(z, t|Hy, 3) over the first

500daysis dueto alow Sy value.

suddendropsin the graphcorrespondo the releaseof straindueto the aftershockdollowing a large
earthquak. To demonstrate¢he pureeffect of the strainfunction s(z, t|H;, 8) in our model,we have
donesimulationswherethe aftershockgreatmenthave beenomitted by settings, = 0, effectively
giving A3 = 0. The otherparametersre left unchangedexceptthatin the first simulationwe set
Bs = 0.0004708 (unchanged)while in the secondsimulationwe take g¢ to be a factor 1000 highet
The effect of varying B¢ in this manneris shavn in Fig. 5 wherethe graphsshowv the frequenyg of
earthquaksfor each30-dayperiodof the simulationperiod. A greatevalueof 3 yieldsamoreeven
releaseof strainin eachtime interval, andhencea moreevenfrequeng of earthquaksin each30-day
period. The modelis not particularlysensitve to the valueof ¢ sinceit wasnecessaryo multiply g
with afactor1000to achieve asignificantdifference However, animproved estimateof the parameter

Bs mayimply a greatersensitvity to (.
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Figure5: Thefrequeny of earthquaksin intenvals of 30 daysfor a givensimulation.Theleft figure shovs the

frequeng whenthe parameteflg = 0.0004708, while to theright is shavn the frequeny whengg = 0.4708.

2.5 DISCUSSION AND CONCLUSIONS

In conclusionwve have by maximumlik elihoodoptimizationestimatedhe parameterg of themarked
pointprocessnodel,usingearthquak datafrom SoutherrCaliforniafrom theperiod1932—1999.The
first 5 parameter$;, Bs, B3, B4, B5 areconnectedo theterm A3 andrepresenthe aftershockactvity.

The estimatedsaluesfor theseparameterseenreasonablefFor instancewe may compareheresults
B3 = 1.229 and B4 = 0.01867 with the correspondingestimatedound by Ogata (1998)in various
extensionsof his Epidemic Type Aftershock-Sequencesodel. Applied to datafrom two different
districtsof JapanOgataestimateda parametep (correspondingo 5 in our model)to bein therange
0.900-1.13@nda parameter (correspondindo 34) to bein therange0.00172-0.0357The last3

parametergs, 57, 85 areconnectedo thefactors, which representshe build-up andreleaseof strain
in the model. Surprisingly we foundboth 3; and3s to vanishin the maximumlik elihoodestimation.
The vanishingof 8; suggestshatthe releaseof strainlocally is independenof the magnitudeof the
earthquaks. The releaseof total strainenegy, however, doesdependon the size of the earthquak
sincea large earthquak causeseleaseof strain over a much larger areathan a small earthquak.

Becauseof this, the parameteB; seemssuperfluousn the modelandcould be omittedby a slightly

differentrepresentationf the strainreleaseasindicatedearlier Thevanishingof 5g in our estimation

is difficult to interpretphysically, however. Thisimpliesthatall earthquaksin thecataloghave aglobal
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effecton thereleaseof strainfor theregion consideredThis in not whatwe would have expectedand
suggestshatthe givenparametrizatiomasbeentoo crudeto handlethe spatialdependencielsetween
thereleaseof strainandtheindividual earthquaks. Oneexplanationfor this may simply be thatwe
have usedepicentraldistancesnsteadof the distancedo the ruptureplane.Clearly morework needs

to bedoneon this point.

At the currentstagewe have donesimulationsfrom the modelwhich demonstratethatit is ableto

displayboththe spatio-andtemporalinteractionsdetweerearthquaks. In orderfor themodelto gen-
erateasrealisticearthquak patternsaspossible however, it is desirableto incorporateasmuchof the
seismologicalgeologicalandgeodeticknowledgeaspossiblein themodel. To this endit is important
to keepin mind thatthemainaim of theseeffortsis to provide a probabilisticmodelingof earthquaks
basedon presentmultidisciplinary understandingaind knowledge,and not to replacethis knowledge
by a stochastianodel. By useof Bayesiantechniquest is possibleto useempiricaldatato quantify
therelationshipsetweendifferentphysical measurementsSomeof the mostimportantpotentialex-

tensionsof the currentmarked point processnodelwould be:

Extended earthquake source representations

By makinga representationf the entire earthquak ruptureplaneand seismicmomentreleaseover
the fault insteadof just the hypocenterandthe magnitudejt shouldbe possibleto delineatein more
detailsthelargerearthquaksandtherebyalsogeta betterrepresentatioof the spatialdistributionsof

aftershocksndstrainreleaseconnectedo eachearthquak.

Mapped faults and other structural geological features

Using mappedaultsasan additionaldelineationof earthquak potentialswill provide morerealistic
estimate®f local intensitiesandorientationsof earthquak rupturecharacteristicsThe fault orienta-
tionsmay; in a preliminarymodel,be consideredishaving a staticprobability distribution depending
simply onthelocationof the epicenter It may alsobe possibleto make it time dependentgdepending
alsoon the value and the orientationof the local strain along the mappedfaults. A realistic strain
build-up modelshouldbe relatedspecificallyto the mappedraults,incorporatingboth long-termand

short-termgeodetidnformation.
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Strain release and build-up after earthquakes

An earthquakresultsn thereleasef strain.However, it mayalsoincreasehestrainin certainregions
dependingon the characteof the earthquak ruptureandthe local structuralgeology Theincorpora-
tion of arealisticstrainreleas€andbuild-up) modelshouldalsoconsidepotentialregionsfor aseismic

slip.

Improved triggering models and spatially dependent parameters
An improved modelingof potentialtriggeringconnectionswill be useful. The modelcanalsobeim-
proved by using parametershat are spatially dependenti.e., both the s andthe b-value from the

Gutenbeg-Richterlaw maydependnthelocation,aswell asvary with time.

Use data from before the beginning of a catalog

Theaveragdimeindependenintensitiesandperhapslsothestrainbuild-up modelsmaybeimproved
by usingin particularpaleoseismiinformation,addressingn particularuncertaintieselatedto poten-
tial ‘earthquale deficit’ situations.It would alsobe possibleto extendthe catalogbackin time based

on othertypesof simulations.

Use of other kinds of geo-information

Onemay let the intensitiesdependon otherkinds of dataof potentialimportancefor earthquak oc-
currence.By usinga Bayesiantechniqueit is only necessaryo provide the dataand specifya prior
distribution for the relationshipbetweerthe measuremerdandthe intensities.A posteriordistribution

is thenderived from thedata.

3 HIERARCHICAL BAYESIAN SPACE-TIME MODEL

The basictheory for Bayesianforecastingand dynamicmodelsis presentedn the book Westand
Harrison(1997). A partof this theoryis known in the engineeringcommunityasKalmanfiltering. In
theexcellentpapeWikle, BerlinerandCressig1998)this basictheoryis usedto develophierarchical
Bayesianspace-timemodels,andit is suggestedhat this gives more flexible modelsand methods
for the analysisof ervironmentaldatadistributedin spaceandtime. The modelis implementedn a

Markov chainMonte Carlosimulationframevork usingGibbssamplingandappliedto anatmospheric
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datasetof monthly maximumtemperatures.

Inspiredby thework above we will in thefollowing present hierarchicaBayesiarspace-timanodel
to be appliedto an earthquak catalog. Although Vere-Jone$1995)is very much concernedvith a
marked point processapproachto earthquak predictionhe is statingat the endof the paper:*“ ...,
andit is possiblethat somethingik e a hiddenMarkov model(for the strainregime) could provide a
moreflexible modelingframewvork within which suchprecursoryfeaturescould be explored’ We feel

thatthe presenapproachs justafull consequencef thisline of thought.

31 THE MODEL

In the following, let anindex = denotespacelocationandt denotetime. x andt¢ will be discrete.
Typically, spacdocationswill be situatedon a grid wherethe distancebetweemearesgrid pointsis

of theorder20 kilometerswhereaghe distancebetweerpointsin time is of theorder10 days.

We now introducethefollowing unobsered (hidden)systemstatevariable:

67 = earthquak potentialat spacdocationz andtime¢

It is naturalto considerff asanunknavn, continuouslydistributedrandomquantity If it weredis-
cretelydistributed,ahiddenMarkov modelapproachmighthave beenpossible Furthermoreintroduce
the obsenationcorrespondingdo 67

M} = obseredearthquak magnitudeat spacdocationz andtimet

We alsointroducea correspondingpoise(shock)term:

J\//_Tf = noise(shock)at spacdocationz andtime ¢

In the following, all noiseterms,with genericnotation]V’”, areindependenin spaceandtime, each
having a normaldistribution N (0, afv), wherecrfV Is a randomquantity Thesenoisetermsare also

assumedo betotally independenof all othernoiseterms.

Thebasiclink betweerthe earthquak potentialandthe obseredearthquak& magnitudeat spacdoca-
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tion z andtime ¢ is givenby the so-calledobservation equation:

M= (62 + MOI(2+ ME> k), t=1,2,..., (10)

wherefor anevent £/

1 if E occurs
I(E) =
0 otherwise

Herek is adetectionimit, beingfor instance)M 4.0. k£ maybereplacedy k;, whichdepend®ntime.
Themainreasorfor sucha sophistications a changen dataquality with time. The basicideabehind
theobsenationequation(10) is simple.If thesumof the potentialandshocktermat spacdocationz
andattime ¢t exceedshe detectionlimit, we obsere anearthquak at z andt¢ with magnitudeequal
to this sum. If the sumdoesnot exceedthe detectionlimit, nothingis obsered. Since M} hasa
distribution involving truncationfrom below at k, standardBayesiardynamicmodeltheorycannotbe

appliedandwe have to rely on efficient Markov chainMonte Carlo simulationtechniques.

Theearthquak potentialat z andt is now assumedo be decomposeth thefollowing way:
0F = p" + 0%, + 05, + 050, +07,  t=1,2,... (11)

Herep® is atime independentontritution, 65, a shortterm contritution, 5, a straincontritution

and¢7,, alongtermcontribution. 5;” is anoisetermlinkedto the systemstatedy .

We now give the so-calledsystem equations for respectrely the shortterm contrikution, the strain
contritution andthelong termcontrilbution. Theseequationsink the systemstatevariablesatthetime
t to the corresponding/ariablesat the previous pointin time ¢ — 1 andto informationon obsened

earthquaksatt — 1.

We startby the shortterm contritution. Introducethe notationN = north, E = east,S = south,
W = west,A = above, B = below. Furthermorelet N(z) = locationnorthof z (if any) anddefine
correspondinglf(x), S(z), W(z), A(z), B(z). Extendingthecorrespondingontritutionin themodel
of Wikle, BerlinerandCressig1998)to 3-dimensionatpacewe have

N(z) E(z)

0§T,t = azegT,t—l + aNeST,t—l + aEeST,t—l (12)
+a802g2—1 + awggﬂ(ff)_l + aAegfl(-vft)_l + aBegl(j?t)_l + 0§T7t 5 t = 1, 2, e
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Hencethe shortterm contribution to the systemstateat x andt is linkedlinearly to the corresponding
contribution to the systemstateattime ¢t — 1 andto the contributionsto the systemstatesof its nearest

neighborsattimet — 1. Weassumdz = 1,... ,5):
HgT,o ~ N [%T,Oa 53510]

The63; ,s areassumedndependentvith expectationsandvariancego be consideredsfixed param-

etersthatmustbe specified.

We next considerthe straincontribution givenby
05, = (65, 1 + B )I(MZ, =0)+05,, t=12,...
Btz:ﬁz'i'(ﬁf—l_ﬁm)l(Mtz—l:0)"_5?7 t=0,1,...,

wherewe set/(M§ = 0) = 1 andI(M?*, = 0) = 0. 87, is anincrementalgrowth term (positive or

(13)

negative) addedo thestrainatx andt— 1 to give thestrainatz andt, if thereis noobseredearthquak
atr andt — 1. If suchanearthquak hasoccurredwe assumehatall strainhasbeenreleasedand
hencethe strainat z andt is assumedo be zeroanda new build-up of strainis started.We modelthe

distributionsof the 6% ;s and 3”s completelyparallelto the onesof the 65, ,s givenabove.

Sincedg, and 37 dependon the obsenation M;” , in additionto the dependencen 65, , and 5y ;
aguain standardBayesiandynamicmodeltheory cannotbe appliedenforcingthe relianceon efficient

Markov chainMonte CarlosimulationtechniquegseeWestandHarrison1997,p. 565).

Finally, considerthe long term contritution, which might be excludedfrom the modelif it is not

supportedy the earthquak catalog.Let

p* = theperiodof thelongtermcycle at spacdocationz
Then,assuming® to be odd, it follows from WestandHarrison(1997),sections3.6.3,8.6.4,8.6.6,
thatwe have thefollowing reduced~ourierform model:
efT,t = COS(QW/pm)efT,t—1 + sin(27/p®)af | + efT,t

(14)
af = —sin(27/p®)0%r, | + cos(2m/p®)af_, +af , t=1,2,...
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07, anday areinterpretedas Fourier coeficientsat z and¢. Thelatteris only usedto updatethe
former It shouldbe notedthat(14) is moregenerathanthe correspondingontributionin the model

of Wikle, BerlinerandCressig1998),wherewe would get

021y = O%gcos(2m/p)t) + afsin(2n/p)t) ,  t=1,2,...

having p® = p for all x andno noisetermsto ensurearandomdevelopmenin time.

Wikle, Berlinerand Cressig(1998)introducesimple spatialtrendsin variouspartsof their modeling
dueto resultsof someexploratorydataanalysesWe will not make suchrestrictionsn our model. We
simply modelthedistributionsof the 67 s andags completelyparallelto the onesof the 65 ,s given

abore.

We now considerthe time-independenterm, »*, in (11). Extendingthe correspondingontrikbution
in the model of Wikle, Berliner and Cressie(1998) to 3-dimensionakpace we have the following
Markov RandomField model:

z z T N(z (z
p® ~ NJpg + by s (@ — pg ™ + 5@ — 5@y
bew (@ — g™ + pV@ — uXV@)} (15)
;z; A T T xT
bap{p® — g @ + @ — @y 02

E(z)

Whereaﬁ is arandomquantity Furthermorgz = 1,... ,S5):

pg ~ N (I, 57s)
Thepgsareassumedhdependentvith expectationsindvariancego beconsideredsfixedparameters
that mustbe specified. Finally, the spatialdependenc@arameterdy s, bp,w andb, g areassumed
independenandnormally distributedwith expectationgespectiely equalto by s, bg,w andby s and

variancegespectiely equalto a“g , Oy, ANAT, ob . Theseparametersire again fixed and mustbe

E,W

specified.

Returningto (12), a® is modelledcompletelyparallelto n* in (15) asa Markov RandonField. Hence,

a® ~ N[a? + ang{a™®) — aoN(m) 1 gS@ _ a(s),(m)}

+aEW{aE(z _ aoE(z) + aW(z) _ agv(x)} (16)

@ a4 ) — )

+CLA’B{CL
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Having introduceda propernotation, the restis straightforvard. Furthermorewe assumehat the
nearesheighbomparameters (12)ay, ag, as, aw, ax andag areindependenandnormallydistributed
with expectationgespectrely equalto ay, ag, as, aw, aa andag andvariancegespectrely equalto

Orr Oonr Oogs Ooy» 00, @Nda . Againtheseparameterarefixedandmustbe specified.

an?’ “ag’ Cag? T aw? T aa

Finally, following Wikle, Berliner and Cressie(1998) the randomvariancesr%., o2, 02 , o2 |, a%,
ST S

2 aﬁ and¢? are assumedndependenandinversegamma(lG) distributed with parameters

oLt
respectiely equalto (g,2 , 7,2 ), ... , (g2, 702). Theseparameterarefixedandmustbe specified.
M M

o2 | o2

Thebasicapproacmow is to startout from obsenations:
M, t=1,...,T; x=1,...,5.

HereS is thenumberof spatiallocationson thegrid. Theseobsenationsarethenusedto find the cor-

respondinguncertaintymeasuredby posteriorprobability distributions,in the systemstatevariables:
07 , t=1,...,T; z=1,...,5.
Finally, we arrive at predictionson:
67 , t=T+1,T+2,...; x=1,...,8
M7, t=T+1,T+2,...; x=1,...,8

Detailson the simulationapproacharegivenin Section3.3andin the Appendix.

32 IMPLEMENTATION

As hasalreadybeenpointed out our model and simulationapproachis very parallelto the one of
Wikle, Berliner and Cressie(1998). Their atmospheriaatasetof monthly maximumtemperatures
covered20 years(1974-1993)measuredht 131 stations.Hence,in our notation7' = 240, S = 131.
With this size of the datasetthey hadno problemswith the implementatiorof the Gibbs sampling.
It shouldbe mentionedhatthey usedanexploratorydataanalysisto assesshe fixed parametershat
mustbespecifiedn the prior distributions. This meanghatthe datasetis usedtwice, botha priori and

aposteriori,whichis notin accordancevith a strict Bayesiarapproach.
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For our earthquak catalogfrom SouthernCalifornia(seeFig. 1) we suggesstartingoutin 1932with
non-informatve prior distributionsandrun the Gibbssamplingfor datauntil andincluding1970;i.e.
covering 39 years. We thenusethe posteriordistributionsbasedon this run asthe prior distributions
in the next run startingout in 1971 covering 25 yearsuntil andincluding 1995. Thenwe usethe
posteriordistributionsfrom the secondrun to make earthquak predictionsfor 1996,1997,1998and

1999. Thesepredictionsarethencomparedvith the obseredearthquak datafor the sameyears.

To make thedatasetmanageableve suggeshasastarta distancebetweertime pointsfor thefirst runto
beamonth,giving 77 = 12-39 = 468, andhalf amonthfor thesecondun, giving 7T, = 24-25 = 600.
We alsosuggesstartingout droppingthe depthdimensionandconsideragrid of S = 25 x 25 = 625
planarlocationswith distancebetweennearesrid pointsequalto 20 kilometer Furthermoreasa
startwe suggestdroppingthe long term contritution 67 1., in (11) sincethis is the mostspeculatie
onedueto the needof assessingy®, the periodof thelong termcycle at spacdocationz. Finally, for
simplicity we suggesstartingoutwith adetectionimit of £ = M4.0for thefirstrunandk = M3.0 for

thesecondun dueto improveddataquality.

3.3 SIMULATION

As in Wikle, Berliner and Cressie(1998)the Markov chainMonte Carlo simulationtechniqueto be
usedis Gibbssampling;seeCasellaandGeoge (1992)andGilks etal. (1996). With genericnotation,
let N beanS x 1 vectorof therandomquantitiesN*, x = 1, ... ,S. Also following Wikle, Berliner
andCressig1998)for randomU andV, let[U | V'] representhe conditionaldensityof U, givenV'.
Furthermorelet D, beourinitial prior informationatt = 0, andlet D, = {M,, M,_, ... , My, D,}.
Ourfirst aimis to getsamplesrom the posteriordistribution [51, .., 0r | Dr]. Suchsampledollow
immediatelyby taking out samplesof (51, . ,5T) from samplesrom the correspondingposterior
distribution of all randomquantitiesinvolvedin themodeluntil t = T'. To arrive atthe lattersamples
by Gibbssamplingfull conditionaldistributionsof any randomquantity givenall theotherand D+, are
needed.In generalfull conditionaldistributionsare determinedoy writing the full joint distribution
of all randomquantitiesandthe obsenations,divided by the appropriatenormalizingconstants.In

hierarchicaimodels suchasthe onedealtwith in the presenpaper this processs typically simplified
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dueto thevariousconditionalindependencassumptionshataremade.In particular all components
of thefull joint distribution thatdo not dependon the specificrandomquantity whosefull conditional
distributionis considered;icancel”from thenumeratoanddenominatoof thelatterdistribution. The
derivationsin Wikle, BerlinerandCressig1998)andin the presenpaperbeagin after suchsimplifica-

tions.

Having samplegrom the posteriordistribution of all randomquantitiesn themodeluntil ¢ = T', given
Dy, samplesf the additionalrandomquantitiesatt = T + 1 arearrived at by applying (11)—(14).
Especially we get samplesof §T+1, which canbe usedfor prediction. Furthermorehaving samples
of §T+1 alongwith samplesof a%z, samplesof MT+1 arearrived at by applying (10). Again these
samplesanbeusedfor prediction.Proceedingdik e thissampleof 8;,, M, t =T +2,T + 3,... are

arrivedat.

Since,asin Wikle, Berliner and Cressie(1998) we have chosenGaussiardistributions with conju-
gate priors, the derivation and implementatiorof the full conditionaldistributions neededor Gibbs
samplingaremostly straightforvard. Oneexceptionconcernghefull conditionaldistribution for each
of the Markov RandomField spatialdependenc@arametersiy s, ag w,aa 5, bn s, bgw,bas. EX-
actly, asin thelatterpaperwe employ a Metropolis-Hastingstepin the Gibbssampling;seeChib and
Greenbeay (1995)andGilks (1996). In the Appendixall thesefull conditionaldistributionsaregiven
andimplementedFurthermoredueto the Gaussiardistributions,the antitheticcouplingof two Gibbs
samplingchainsgivenin Frigessi,GasemyrandRue (2000)could be appliedto increasehe speedof

thealgorithm.

To illustrate the derivations of the full conditional distributions, we will considerthe onesof é},
t=1,...,T, 55,,5, t=20,...,T and 012\7. Theseare the most challengingonesdue to the appar
entcomple relations(10) and (13), which arekey relationsin our earthquak predictionmodeling.
Thegenericnotation[U | -] is usedto representhefull conditionaldistribution of U givenall the other

randomquantitiesuntil ¢t = 7', and Dr..

We startby establishindd; | -], t = 1,...,T. Let ¢ bethe cumulatie distribution function of the
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N(0,1) distribution andlet

Nu(07,0%) = I(MF = 0)p((k — 65) /o) + I(MF > k)N (67, 0%)

trY M trY M
bethemixturedistributionhaving aprobabilitymassp((k—67) /o) in 0anda N (67, 02;) contritution
for valuesnotlessthank. From(10) we have

[Mt|0t,aA~HNk 07,0%), t=1,2,...

Furthermorefrom (11) we have

S
[6: | &, Osr4,0s4, 0114, 05] ~ H N(p* + og‘T,t + eg‘,t + eiT,ta 0_5) ) t=1,2,...

z=1

By standardhlgebraiamanipulationswethenget,t = 1,... , T
[0: | ] o< [M, | 6,026, | fi, 01y, 05,0171, 02
x H (M7 = 0)p((k — 67) /o) + T(MZ > k) exp(—(M7 — 67)?/20%)/(V2r o57)]
xlexp(—(67 — u* — 057, — 05, — 017,)°/207)]
o H (M7 = 0)p((k — 6F) /ogp) exp(— (67 — p* — 0%, — 05, — O51)" /202)
+1 (M”” > k) exp(=(07)"(1/0%; + 1/05)/2) exp(6F (M [03; + (1° + 0% + 05, + 01,4) [03)]
o H (M7 = 0)p((k — 0F) /ogr) exp(— (67 — p* — 0%, — 05, — O51)"/202)
+I(Mf > k)N((1/0% +1/05) " (M o + (17 + 0%, + 05, + 070,)/0%), (1/ 0%+ 1/05) )]

Note that this resultimpliesthat67, « = 1,...,S areconditionallyindependengiven all random

guantitiesexceptfor 6., andDr.

Since no explicit expressionfor ¢((k — 67)/o4;) exists, a normalizing constantfor the case
M} = 0 cannotbefound. Hence this is not a straightforvard distribution to samplefrom. However,
o((k —67)/og;) canbe computednumerically by a standardroutine and hencewe canemploy a
Metropolis-Hastingsstepin the Gibbs sampling. As a proposaldistribution we usethe one abore
correspondingo k£ = —oo, i.e. with no truncationin (10), whichis just a productof normaldistribu-

tions.
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A probablybettermethodfor eachcaseM? = 0 hasbeensuggestetyy our colleaguelgrundGasemyr
Firstdraw afictitious earthquak magnitudey,®, from theconditionaldistribution of suchamagnitude
lessthanthe detectionlimit. Secondlydrawv aff from the samenormaldistribution usedfor the case
MP > k, butwith M replaceddy Y;*.

Wenextturnto [, | ], =1,...,T — 1. From(11)and(13) we have

[és,t | ] X [ét | ﬁa éST,taéS,tvéLT,ta0;‘][65,154-1 | éS,taBtaﬂtvag\s][_’ , Mt—laags]
S
o [ [lexp(— (67 — u* — 0%, — 05, — 651,)%/207)

x exp(— (05,41 — (05, + B (M} = 0))*/207, )
X eXp(—(9§t — (05,1 + BE) (ML, = 0))*/207 )]

x Hexp )*(1/0% + (I(M7 = 0) + 1) /0% )/2

X eXP(Os,t[(@tm —pF = eg'T,t - efm)/cf% + (I(My = 0)( g,t+1 —B7)
+ I(Mtw 1= 0)(9gt—1 + 55_1))/035 )

~ H N(65., 0% ) where

agg,t = (1/o5+ (I(M] =0) + 1)/03\3)_1
7§,t = Uggwt[(ef o Hg'T,t - G%T,t)/ag\ + (I(My = 0) (og',tﬂ —B7)
+I(M = 0)(05,_, + 5?-1))/033

Similarly, we get:

[Os7 | -]~ HN GST,ooz 2o where

z=1

gg',T = Ugg,T[(e% — = 05pr — 9’£T,T)/0§ +I(M7 y =0)(05r 1+ ﬁﬁl)/aﬁsl

00| ] ~ HN 5007z ) where

agg (1/O'f~ + 1/ng )
730 = Uogwo[( 51~ 50)/055 + 930/535’0]
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[és,t | ], t = 0,...,T arestraightforvard to samplefrom. Again notethat6s,, z = 1,...,S are

conditionallyindependengivenall randomquantitiesexceptfor és,t, andDy.

We finally consider{a%f | -]. From(10)we have:

T

[0-21\2 | ] X H[Mt | otaafﬁ][a_%[ | a’a%l\’?a%l\]

t= 1

ocHH[I (M = 0)p((k — 67)/o57) + T(M > k) exp(— (M — 67)*/20%;) /(V2m 037)]

x (1/01\7) M exp(—1/(Fpz 0%)
Thisis obviously notstraightforvardto samplefrom. Againwe canemploy aMetropolis-Hastingstep
in the Gibbssamplingwith proposaldistritution equalto the oneabove correspondindo k£ = —oo,
whichin factis IG(ST/2 + qC, ,[Z Z(M“” —02)2/2 + 1)T,2 ]— ). However, herethe suggestion
of JarundGasemyrseemgust excéllle%t For eachM} = 0, Justusethe alreadydrawn fictitious Y,*.
Thendrav aaﬁ from theinversegammadistribution above, but with M} replacedy Y,* everywhere

whereM;? = 0.

4 CONCLUDING REMARKS

We have in this reportintroducedtwo different stochasticnodelsfor earthquak occurrencepoth
focusingon the spatio-temporalnteractionsbetweenearthquaks. Both modelsemploy Bayesian
updatingof prior distributions for all parameterof the models,while empirical dataare usedfor
derving posteriordistributions. Thefirst modelis a marked point processmodelin which individual
earthquaksarerepresentedly their magnitudesndlocationsin spaceandtime. In the secondnodel
the earthquaks are representeds potentialson a grid. At the currentstagewe have implemented
analgorithmfor simulatingearthquaksonly for the first model. This hasbeenfairly straightforvard
becaus®f the explicit representationf eachearthquak in this model. An algorithmfor simulations

from thesecondmodelis plannedandwill bepresentedhn afuturereport.
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APPENDIX: THE FULL CONDITIONAL DISTRIBUTIONSIN THE HIERARCHICAL

BAYESIAN SPACE-TIME MODEL

In this Appendixwe give thefull conditionaldistributionsneededor Gibbssamplingin the hierarchi-

cal Bayesianspace-timenodel. Remembethat[§, | -], t = 1,...,T,[6s, | .t = 0,... ,T and
[012\7 | -] aregivenin Section3.3. Completelyparallelto the deductionof [és,t | ],t=0,...,T,we
get
S —
[Or7y | ] ~ H N(efT,tvo-ng’t)a t=0,...,T,
z=1
where

ogim = (1/05—1— (((cos(2m/p®))? + 1)/06%” + (sin(27/p™))? /o) L, t=1,...,T—-1
G, = 0%, 107 — 4™ = O3, — 05,)/0% + (con(2n/57) (O3, — sin(2/p7)a)

+ cos(2m/p*)0i 7y 1 + Sin(%/p””)affl)/agw

—sin(27/p”)(af,, — cos(2m/p")af)/o2], t=1,...,T-1

O (1/05+ 1/00%”)_1

LT, T -
e_fT,T = Ug;T’T[(e:? o gT,T - 9§,T)/0§
+(cos(2m/p”) Trr—1 T sin(27r/pw)a§1_1)/og~w
0g3,, = (((cos(2m/p"))* /o + (sin(27/p"))* /o5 +1/Gg; )™
e_fng,o = Ug}gm [cos(2m/p®) (071, — sin(2m/p®)ag)/ U;LT

— sin(2r/p*)(af — cos(2n/p%)a5) /0% + /5y, |

We now turnto [éST’t | -], andfollowing Wikle, BerlinerandCressig1998),write (12)in theform
éST,t = HéST,t—l + §ST,t

HereH isanS x S diagonalmatrix with six off diagonalsgivenby the nearestheighborparameters
an,ag,as,aw, a4, ag anda main diagonalcontaininga. For edgesites,someof the off-diagonals
have correspondingeros.Completelyparallelto the deductionof (A.8), (A.10) and(A.12) in Wikle,
BerlinerandCressig1998),we get

Bsry| ]~ N@Osr, S5 ), t=0,...,T,

OST,t
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where

24, = T/G+HH+D)/o} )7, t=1,..,T-1
9ST’t - EésTt[(ét e éS,t - 6LT¢)/U§ + (HlésT,t+1 + HéST’t_l)/a§ST]
P (1/05+1/o5 )1

Osrr

Osrr =35 [(éT —f— 6S,T — éLT,T)/O'g‘ + (H§ST,T—1)/0§‘ST]

Osr.1

Let iésm bethediagonalmatrix containingo:;}ST’0 . Then

~ 1 _
Y. = (H’H/J;ST +35,,.,) 1

Osr,0

= - ~_1 =
_ 1 2 Z
05’T,0 = EésT,o (H OST’I/U§ST + 205T7005T’0)

We next turnto [&, | ], [B, | -] and[3 | -J:
S
@ |~ ][ N@g,o2), t=0,...,T,
z=1
wherefort =1,... , 7T —1

0oe = ((sin(2m/p"))* /o7 + ((cos(2m/p"))* +1)/03)~"
o = Ugf [sin(27r/pz)(9,“—fT,t+1 - COS(ZW/p””)%T,t)/U%LT

+(cos(27/p”) (a4 + sin(2m /p*)0%r,) — sin(2m /)07,y + cos(2m/p")ai ) /0Z]

T
ap = —sin(27/p®)0rp_q + cos(2m/p")a_y
o2 = ((sin@n /) o2+ (con@n/p)) o + 1))

2

a§ = 05z [sin(2m/p°) (BFr1 — cos(2m/p")03r0) /05,

+ cos(27/p”)(af + sin(27r/pw)t9,’-fT’0)/cr§ + g /523],

S
[ﬁtl]NHN(ﬁtw?U??f)a t:O,...,T,
z=1
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wherefort =1,... , T —1

o = (I(M7 = 0)/03 + (I(Mf =0) +1)/03) "

B = o5 [I(M; = 0)(95t+1 05.) /05, + (I(M = 0)BE, + % + (B, — B) (M, = 0)) /o]
Uﬂ% = O'E

Br = (8" + (Br 1 — B)I(Mf , =0))

G-Bz = (1/(% —|-2/a )

B85 = Uﬂg[( S1 93,0)/053 + (B + 595)/0%],

B ]~ HN ,0%:),  where

T
= (D _I(M7y > k)/o%+1/55.)"
t=0

T
05 [ I(ME, > k)B} /05 + B* /53]
t=0

Next considerj | -] and[i, | -]. Parallelto (16) of Wikle, BerlinerandCressig(1998)we have from
(15)

[ﬁ’ | ﬁO, bN,S’a bE,Wa bA,B, 0-2] ~ N(ﬁ’o, (I - Cb)_lo-Z) )
whereC', is asymmetricS x S matrix with six off-diagonalsgivenby by s, bg w, ba g (Se€Cressie
1993,p. 434). Completelyparallelto the deductionof (A.14) in Wikle, Berliner and Cressig(1998)

we get

where

-

i=(I-Cy)/os+1IT/c3)™"

T
fi = 35T — Cyjig/o2 + Y (8 — Ospy — 05, — O11) /03]
t=1

As analternatve, thefastandexactsimulationalgorithmfor generalGaussiarMarkov RandomFields

givenin Rue(1999)couldbeappliedto arrive at [fi | -].

29



Let flﬂo bethediagonalmatrix containinggfo. Then
[do | -] ~ N(Bo, Zg,) ,
where
2 s H-1
leo = ((I — Cb)/O'# + Eﬁo)

= - =-1=z
By =35 [(I - Cb)ﬂ/ai + Eﬁoﬂo]

We now consider{a | -] and[d, | -]. Asin Wikle, BerlinerandCressig1998)let H, bethe H matrix
with zerosonthemaindiagonalinsteadof @ andlet 8s,_; bethediagonalmatrix containingéST,t_l.
Also defineC, completelyparallelto Cy, with by s, bg.w, ba g replacedy ay s, ag,w andas g. Then

completelyparallelto (A.28) of thelatter paper correctingfor a misprint,we get:

(@]~ N(a,2s),

where
T
Ba=(I-Ca)/o2+) Os7,-10s7-1/05 )7
t=1
T
a=35[(I - C,)ao/o; + Z(OST,t - HaoST,t—l)IOST,t—l/O'g‘ST]
t=1
Again, thealgorithmof Rue(1999)could be appliedto arrive at[a | -|. [@o | -] is identicalto [, | -]

by everywherereplacingu andb by a.

Turningto [ay | ¢], [eg | ], [as | <], [aw | -], [aa | -] @nd[ap | -], we considerthe first onesincethe
resultsfor therestarecompletelyparallel. As in Wikle, BerlinerandCressig1998)let H,, bethe H
matrixwith zerosontheoff-diagonalof ax’s, let J ., bean$ x S matrixwith onesontheoff-diagonal
of ay’s andzeroselsavhereandlet é?;,t,l = JaNé’ST,H. Thencompletelyparallelto the deduction

of (A.31) of thelatterpaper again correctingfor a misprint,we get

[aN | ] ~ N(a’NaazN) ) where
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-1
AN AN ~
0-3.N = (Z( ST,t—l)lOST,t—l/og‘ST + 1/021\,)
3 2 — 5 1 19N 2 ~ =2
an =00y | D (Osri — HapOsr0 1) 051, 1/05 +an/os,

The Markov RandomField spatialdependenc@arametersiy s, agw, aa.B, bn,s, bgw, ba s have
alreadybeencommenteanin Section3.3. We considetthefirst onesinceagain theresultsfor therest

arecompletelysimilar. Parallelto (A.32) of Wikle, BerlinerandCressig1998),we have
lans | ] o< [( = Ca) 72 exp(—(@ — do)' (I — Ca)(@ — do)/207)
X exp(—(aN,S — 6N75)2/252N,S) X

whereay g is on two of the six off-diagonalsof C,. The presencef ay s in the determinanterm
makesthisadifficult distributionto samplefrom. Insteadasin thelatterpapemwe employ aMetropolis-

Hastingsstepin the Gibbssamplingwith the following proposaMdistribution:

[a%ﬁ:%’udo | ] ~ N(&R;Z%Udo,aggsesudo) , where

s -1
T N(z S(z S(z ~
Uzgf%“do — <Z(aN( ) _ ag (=) +a (z) _ aO( ))2/0_3 + 1/0-21\,75)

z=1

S
divs:egudo — Jggs%udo |:Z(GN(:1:) _ a/év($) + aS(:c) _ ag(w))

z=1

(0 = 6 — ag (a9 — o 4 W10 _ g9

_aA,B(aA(w) _ agl(”“’) + aB@® _ %B(z))) + 5N,S/52N S}

Notethatwhenconsideringy, s, b, w andby p theserandomquantitiesarereplacingay,s, ag,w and

a4,p, Whereasotherwises is replacedy .

Whatis left arethe remainingvariancesandwe get completelyparallelto the deductionsn Wikle,
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BerlinerandCressig1998):
S

T -1
ZZ —p* =5y, — b5, — LTt) /2+1/7, 2] )

t=1 z=1

02| ]~ IG (ST/2 + G2,

T S
~ T T T E(x
[J§ST [~ 1G (S T2+ q(, [Z Z QST,t —a HST,H an 057(“ t) 1 aEeST(’,t)fl

t=1 z=1

-1
S(x Wiz Az B(z ~
—as835) s — ot — a3, — and3L 2117 | )
T S —1
02 | ]~ IG|ST/2+ 3, , > (65, — (05, + BF)I(ME, =0))*/2+1/7,
os s L o=t 7 Os

t=1 z=1

[a | -] ~ IG (ST/Q-I—E]VU%,

> DB = B = (B4 = B 4 = 0))*/2+ 1/&;] )

s
[agLT | ] ~ IG(ST/2+E]VJ§LT, [ZZ 077, — cos(2m/p®) 071,y

t=1 z=1

—sin(27/p®)af_1)? /2 + UF%ELT} _1>

02 | ]N1G<5T/2+qa ,Ll i (of + sin(2m/p*)0%, 1 — cos(2m/p?)af 1)/2 + 1/7, ]1)

o | 1] ~ IG(S/2 + oz, [(H — Fio) (I = Co) (i — Fo) /2 +1/702] ™)

Me

loa | ]~ IG(S/2 + oz, [(@ — @)’ (I — Ca)(@ — Go) /2 +1/752] ")
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